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Abstract. We consider a generalisation of the baker's transformation, 
consisting of a skew-product of contractions and a /^-transformation. 
The Hausdorff dimension and Lebesgue measure of the attractor is cal- 
culated for a set of parameters with positive measure. The proofs use a 
new transverality lemma similar to Solomyak's nT . This transversality, 
which is applicable to the considered class of maps holds for a larger set 
of parameters than Solomyak's transversality. 



1. Introduction 

In [T], Alexander and Yorke considered fat baker's transformations. These 
are maps on the square [0, 1) x [0, 1), defined by 

{^,y)^ <^ + X,2y-1) ify>l/2 ' 

where ^ < A < 1 is a parameter, see Figure [TJ They showed that the SRB- 
measure of this map is the product of Lebesgue-measure and (a rescaled 
version of) the distribution of the corresponding Bernoulh convolution 



oo 

E 

fc=i 



Together with Erdos' result [3], this implies that if A is the inverse of a 
Pisot-number, then the SRB-measure is singular with respect to the Lebesgue 
measure on [0, 1) x [0, 1). 
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Figure 1. The fat baker's transformation for A = 0.6. 
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Figure 2. The map ([2]) for /3 = 1.2 and A = 0.8 



In [Hj, Solomyak proved that for almost ah A € (^,1), the distribution of 
the corresponding Bernoulh convolution YlT=i absolutely continuous 

with respect to Lebesgue measure. Hence this implies that the SRB-measure 
of the fat baker's transformation is absolutely continuous for almost all A G 
1). Solomyak's proof used a transversality property of power series of 
the form g{x) = 1 + YlT=i^kx'', where G {—1,0,1}. More precisely, 
Solomyak proved that there exists a 5 > such that if a; G (0, 0.64) then 

(1) \g{x)\ < S =^ g\x) < -6. 

This property ensures that if the graph of g{x) intersects the x-axis it does so 
at an angle which is bounded away from 0, thereby the name transversality. 
The constant 0.64 is an approximation of a root to a power series and cannot 
be improved to something larger than this root. A simplified version of 
Solomyak's proof appeared in the paper [6J, by Peres and Solomyak. We 
will make use of the method from this simpler version. 
In this paper we consider maps of the form 

(2) (xv)^l ^^^'^^) ify< 1//? 
[Z) (^^y)^ ]^ (^Xx + l-X,f3y-l) ify>l//3 ' 

where < A < 1 and 1 < /3 < 2, see Figure [2j Using the above mentioned 
transversality of Solomyak one can prove that for almost all A G (0, 0.64) 
and (3 G (1,2) the SRB-measure is absolutely continuous with respect to 
Lebesgue measure provided A/3 > 1, and the Hausdorff dimension of the 
SRB-measure is 1 + io°^yx Provided A/3 < 1. 

A problem with this approach is that the condition A < 0.64 is very 
restrictive when /3 is close to 1. Then the above method yields no A for 
which the SRB-measure is absolutely continuous, and it does not give the 
dimension of the SRB-measure for any A G (0.64, 1//3). 

We prove that these results about absolute continuity and dimension of 
the SRB-measure hold for sets of (/3, A) of positive Lebesgue measure, even 
when A > 0.64. This is done by extending the interval on which the transver- 
sality property ([1]) holds. This can be done in our setting, since in our class 
of maps, not every sequence (ofc)^]^ with G { — 1, 0, 1} occurs in the power 
series g{x) = 1 -|- YlT=i ^k^^ ^^^^ need to consider in the proof. To con- 
trol which sequences that occur, we will use some results of Brown and Yin 
[2] and Kwon |4j on natural extensions of /3-shifts. 

The paper is organised as follows. In Section[2]we recall some facts about 
/3-transformations and /3-shifts. We then present the results of Brown and 
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Yin, and Kwon in Section [3l In Section U] we state our results, and give 
the proofs in Section [6l The transversality property is stated and proved in 
Section [5l 

2. /3-SHIFTS 

Let /3 > 1 and define : [0, 1] — )• [0, 1) by /^(x) = /3x modulo 1. For x £ 
[0, 1] we associate a sequence d{x,l3) = idk{x, (3))'^^^ defined by dk{x,l3) = 
[/3/^""'^(x)] where [x] denotes the integer part of x. If x G [0,1], then x = 
<pj3{d{x, /?)), where 

oo 

k=l ^ 

This representation, among others, of real numbers was studied by Renyi [5]. 
He proved that there is a unique probability measure fijs on [0, 1] invariant 
under and equivalent to Lebesgue measure. We will use this measure in 
Section [6l 

We let 5^ denote the closure in the product topology of the set { d{x, f3) : 
X E [0, 1) }. The compact symbolic space together with the left shift a is 
called a /3-shift. If we define /3) to be the limit in the product topology 
of d{x, (3) as x approaches 1 from the left, we have the equality 

(3) S+ = {(ai,a2,...)G{0,l,...,[/3]f : 

a\aua2,...) < (i-(l,/3) VA: > 0}, 

where a is the left-shift. This was proved by Parry in where he studied 
the /3-shifts and their invariant measures. Note that d-{l, /3) = d{l, f3) if and 
only if d{l, contains infinitely many non-zero digits. A particularly useful 
property of the /3-shift is that /3 < /3' implies S'^ C S^, . The map cpjs : — )■ 
[0, 1] is not necessarily injective, but we have /?) o = a o d{-, (3). 

3. Symmetric /3-shifts 

Let /3 > 1 and consider . The natural extension of {S^,(j) can be 
realised as (5^, a), with 

5/3 = { (. . . ,a_i,ao,ai, . . .) : (a„,a„+i, . . .) G 5^ Vn G Z}, 

where a is the left shift on bi-infinite sequences. We will use the concept of 
cylinder sets only in 5/3 . A cylinder set is a subset of 5/3 of the form 

[a_„,a_„+i, . . . ,ao] = { (. . . ,&_i,6o,^i, . ■ ■) £ Sp : au = hk^k = -n, . . . ,0}. 

We define Sj to be the set 

= {(^i,^2,---) : 3(ai,a2,...) G 5^ s.t. (...,62,61,01,02,...) G 5/3 } 
= {(61, 62, ...):(.. .,62, 61, 0,0,...)g5/3}. 

We will be interested in the set 5 of /3 for which 5^ = 5^. This set was 
considered by Brown and Yin in [2j. We now describe the properties of 5 
that we will use later on. 
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Consider a sequence of the digits a and b. Any such sequence can be 
written in the form 



where each is a non- negative integer or oo. We say that such a sequence 
is allowable if a G N, 6 = a — 1, and ni > 1. If the sequence (ni,n2, . . .) 
is also allowable, we say that (a^^ , 6, a"^ , 6, . . .) is derivable, and we call 
(ni, 77-2, . . .) the derived sequence of (a"i , b, a"'^ , 6, . . .). For some sequences, 
this operation can be carried out over and over again, generating derived 
sequences out of derived sequences. We have the following theorem. 

Theorem 1 (Brown- Yin [2], Kwon [3]). (3 e S if and only i/(i(l,/3) is 
derivable infinitely many times. 

The "only if" -part was proved by Brown and Yin in [2j and the "if" -part 
was proved by Kwon in [4J. Using this characterisation of S, Brown and 
Yin proved that S has the cardinality of the continuum, but its Hausdorff 
dimension is zero. 

There is a connection between numbers in S and Sturmian sequences. 
We will not make any use of the connection in this paper, but refer the 
interested reader to Kwon's paper |1] for details. 

For our main results in the next section, it is nice to know whether S 
contains numbers arbirarily close to 1. The following proposition is easily 
proved using Theorem [TJ 

Proposition 1. inf 5 = 1. 

Proof. We prove this statement by explicitely choosing sequences 
corresponding to numbers /3 G S arbitrarily close to 1. We do this by first 
finding some sequences that are infinitely derivable, and then we find the 
corresponding /3 by solving the equation 1 = (f)p{d{l, Let us first remark 
that the sequence (1,0,0, . . .) is its own derived sequence. 

The sequence d(l, /3) = (1, 1, 0, (1,0)°°) is clearly derivable infinitely many 
times. It's derived sequence is (2, 1, 1, . . .), and the derived sequence of this 
sequence is (1,0,0, . . .). One finds numerically that the corresponding /3 is 
given hy 13 = 1.801938 ... and that 1//3 = 0.554958 . . . 

There are however smaller numbers in the set S. Consider the sequence 
d(l,/3) = (1,0, (1,0,0)~). It's derived sequence is (1,1,0,(1,0)°°)), which 
derives to (2, 1,1,.. .), and so on. Solving for /3 we find that /? = 1.558980 . . . 
and 1//3 = 0.641445 . . . Now, for all natural n, let /3„ be such that 



Then, for n > 2, the derived sequence of (i(l,/3„) is the sequence (i(l,/3„_i). 
Hence all sequences (i(l, /3„) are infinitely derivable, and so Pn £ S. Moreover 



4. Results 

Let < A < 1 and 1 < /3 < 2. Put Q = [0, 1) x [0, 1) and define 



(a"^5,a"^6,... 



d(l,/3„) = (l,0",(l,0-+i)°°). 




□ 
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n 


(3n 


l//3n 


1 


1.558980. . . 


0.641445. . . 


2 


1.438417. . . 


0.695209. . . 


3 


1.365039. . . 


0.732580. . . 


4 


1.315114. . . 


0.760390. . . 


5 


1.278665. . . 


0.782066. . . 



Table 1. Some numerical values of /3, 



Figure 3. The set A for /3 
;8 = 1.8 and A = 0.4 (right). 



1.2 and A = 0.8 (left) and 



Denote by u the 2-dimensional Lebesgue measure on Q. For any n G N we 
define the measure 

^ n—l 
k=0 

The SRB-measure (it is unique as noted below) of T^^a is the weak limit of 
z/„ as n — )• oo. 

The SRB-measures are characterised by the property that their conditional 
measures along unstable manifolds are equivalent to Lebesgue measure. The 
existence of such measures was established for invertible maps by Pesin [7] 
and extended to non-invertible maps by Schmeling and Troubetzkoy |10j . 
We denote the SRB-measure of T^^a by //srb- Using the Hopf-argument used 
by Sataev in [9] one proves that the SRB-measure is unique. (Sataev's paper 
is about a somewhat different map, but the argument goes through without 
changes.) 

The support of ^srb is the set 

oo 

A = closure p| T^^iQ) 

n=0 

of which we have examples in Figure [3l One can estimate the dimension from 
above by covering the set A with the natural covers, consisting of the pieces 
of T^^{Q). This gives us the upper bound, that the Hausdorff dimension 

of A is at most 1 -|- il^yx • If ^^/^ > 1 this is a trivial estimate, since then 
l + lS7A>2. 
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The following theorem states that in the case when A/3 < 1, there is a set 
of parameters of positive Lebesgue measure for which the estimate above is 
optimal. 

Theorem 2. Let 1 < l3 < 2 and j = inf{/3' G 5 : /?' > /3}. Then for 
Lebesgue almost every A G (0,1/7) the Hausdorff dimension of the SRB- 
measure of Tp^x is I + i^ii/x ■ 

Recall from Proposition [1] that inf S* = 1. This implies that when (3 gets 
close to 1 , Theorem [2] gives the dimension of the SRB-measure for a large set 
of A > 0.64, which is not obtainable using Solomyak's transversality from 
[TT] . described in the introduction. 

In the area-expanding case, when A/3 > 1, we have the following theorem. 

Theorem 3. For any 7 £ 5, there is an e > such that for all /3 with 
1//3g[1/7, 1/7 + e), and Lebesgue almost every A G (1//3, l/7 + e) the SRB- 
measure ofTp,\ is absolutely continuous with respect to Lebesgue measure. 

Since inf S = 1 by Proposition [H there are /3 arbitrarily close to 1 for 
which we have a set of A of positive Lebesgue measure, where the SRB- 
measure is absolutely continuous. In particular, this means that for these 
parameters, the set A has positive 2-dimensional Lebesgue measure. 

Let us comment on the relation between Theorem [3] and the results of 
Brown and Yin in [2j. Brown and Yin considers any /3 > 1. In the case 
1 < /3 < 2 their result is the following. They consider the map 

'' {\x,Py) if y < 

^ + ify > 

Hence their map is similar to ours when A = They proved that the 
Lebesgue measure restricted to the set A is invariant if /3 E S*. 

5. Transversality 

The main results of this paper, Theorem[2]and Theorem[31 only deal with 
1 < /3 < 2. However, the arguments in this section work just as well for 
larger /3, so for the rest of this section we will be working with a fixed /3 > 1. 

Consider the set of power series of the form 

00 

(4) g{x) = 1 + J^(afc - 

k=l 

where (ai, 02, . . . ) and (61, 62, • • • ) are sequences in S'^ . 

Lemma 1. There exist e > and (5 > such that for any power series g of 
the form (jH), x G [0, 1//3 + e] and \g{x)\ < 5 implies that g'{x) < —6. 

Proof. Let 

1-1//3 1 



{x,y) ^ 



(5) < e < min , ^ , 

and assume that no such 6 exists. We will show that if e is too small, then 
we get a contradiction. 
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By assumption, there is a sequence gn of power series of the form (jl]) and 
a sequence of numbers x„ S [0, 1//3 + e], such that liuin^oo gn{xn) = and 
liminin^ac g'nixn) > 0. We can take a subsequence such that gn converges 
term-wise to a series 

oo 

g{x) = 1 + ^(ofc - bk)x^ 

k=l 

with (oi, a2, . . . )) (^ii ^2; • • • ) £ S^, and such that x„ converges to some 
number xq G [0, + e]. Clearly, g{xQ) = and g'{xo) > 0, so looking at 
dH we note that xq ^ 0. 

Assume first that xq £ (0, 1//3]. Let (3q = I/xq > (5. Then g{xQ) = and 
(ai,a2,...)7(^i)^2,---) G 'S'^p implies that 

oo °° 5 

(6) (A/3o(ai,a2,...) -</'/3o(&i'^2,...) = ^^-^^ = 

k=i k=i Po 

Both of the sums in ^ are in [0,1], since they equal 0^0(01,02,...) and 
4>fSo{bi, ^2i • • • ) respectively. We conclude that 

00 °° J, 

y^ = and y% = l. 

We must therefore have (ai, 02, • • •) = (0, 0, . . .), and bk must be nonzero for 
at least some k. From <^ we then get g'{x) = — J2T=i kbkx^~^ < for all 
X S (0, 1//3], contradicting the fact that g'{xo) > 0. 
Assume instead that xq S {1/ (3,1/ f3 + e]. We write 

(7) = l + /ii(x) - /i2(x), 
where 

00 00 

(8) hi{x) = ^^a^x^ and /i2(2;) = 

fc=l A:=l 

Since (61, 62, • • • ) £ , we have /i2(l//3) < 1. Moreover, for x > we have 



< /i2(x) < X]fc^i[/3]A;a;^ ^ = tj^^jw- Therefore we have 



Since ^(xo) = we see from ^ and ([9]) that 



hi{xo) < 



(l-l//3-e)(l-l//3)' 



If we have > a^Oi then let k = 0. Otherwise, let k be the 

largest integer such that Xq > . Since is of the form 

([8]) and all its terms are non-negative we must have a, = for i < k. This 
implies that 

(10) h[ix)< ± mx-^ < m + ff If = ^^^H^]^^. 

i=k+l ^ ' ^ ' 
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By the maximality of k, we have x^'^^ < (^i_i/f^^}^(^i^i/i3-j , so ([TO]) and ([5]) 
imphes 

k + l + kxQ [(3]^e{2k + l) 
^ ' (l-l//3-e)(l-l//3)xo(l-xo)2 - (l-l//3-e)4xo- 

To estimate h'2{xo) from below, we note that since h2{x) is of the form 
([8]), we must have h2{x) > for all x. We also have h2ixo) > 1 since 
= g{xo) = hi^xo) — h2{xo). Since /i2(0) = 0, this implies 

(12) Kixo) > M^o) > 1. 

Xo Xo 

Now, if we can choose e so small that g'{xQ) = h'^{xo) — /i2(xo) < 0, we 
get a contradiction to the fact that g'{xQ) > 0. By and (jl'ip we see that 
it is enough to choose e so small that 

[P?e{2k + l) 1 ^ 



(1 - - e)4xo xo [/3]2(2A; + 1) ' 

So, by ([5]) it is sufficient to choose 

(13) e < - ^1^^" 

To get a bound on k recall that by definition, either A; = or it satisfies 

x^ > 



(l-l//3-e)(l-l//3)- 
By (0) we get 

^ log([/3]£) - log(l - - g) - log(l - 1//3) 
log(xo) 

^ log([/3]£) ^ log([/3]£) 



log(l//3 + e) - log(i±i/^)' 

Inserting this estimate into ()13p . we get the sufficient condition 
(14) 

(i — i//?)"^ 25r/9i2 / \ 4 

^ < J, ^ ^elog([/3]e) + 2\iife < (1 - 1//3) . 

log 2 

But eloge — >• as e shrinks to 0, so it is clear that we can find an e > 
satisfing □ 



Remark 1. Let us give an explicit formula for which e we can choose in 

-i/i 

2 ' 



the case 1 < /3 < 2. For such (3 we have [/3] = 1. By ^ we have e < ^ 
so it follows that e < , ~ ^ ^ . This implies that (fT^ is satisfied if 

1-1//3 



-E log £ 

2^ 2^^ 



-£logg[ \ + % ) < (1-1//3)'. 
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Finally we use that — eloge < |-v/e and conclude that it is sufficient to pick 
any 

- 9 / 2^ I 2\ y 

V log 1+17^ logirriTa/ 

6. Proofs 

Before we give the proofs of Theorems [2] and [3l we make some preparations 
that will be used in both proofs. 

For fixed 1 < /3 < 2 and < A < 1, the set A satisfies 

(15) A = {{x,y) : 3a £ 5/3 such that x = iTi{a, A), y = 7r2(a, (3) }, 

where 

oo 

7ri(a,A) = (1 - A)^a_fcA^ 

fc=0 

oo 

7r2(a,/3) = 

k=l 

To see this one can argue as follows. Recall that A is the closure of the 
set n5r=o^,3,A(Q)- Foi' each (x,y) G fl^o ^,3,a(<3)' have that (x,y) = 
TJ}x{xn, Vn) for some sequence y„) G Q with Ti3^x{xn+i,yn+i) = {xn, Vn)- 
This means that there is a sequence a £ such that 

(x, y) = Tlx{xn,yn) = f A"x„ + (1 - A) 1^ a_fcA^ y") , 

^ fc=0 ^ 

^ fc=l ^ 

n-1 

x = A"x„ + (1- A)^a„fcA^ 

fc=0 

n 

fc=i 

Letting n — )• oo we get that all points (x, y) G HJ^o '^Js xiQ) form 
(7ri(a, A),7r2(a,/3)). 

For any point {x,y) G A, there is sequence {x^''\y^^^) of points from 
(Xv=oT^ xiQ) that converges to (x,y). But each of the points {x^''\y^''^) is 

of the form {Tri{a^''\ X),7r2{a^''\ /3)) for some a^'^^ G 5^ . Since the space 
is closed we conclude that (x, ?/) G A is also of this form. 

On the other hand, r^^A(''ri(a, A), 7r2(a, = (7ri((Ta, A), 7r2 (era, so 
the set of points of the form (7ri(a, A), 7r2(a, /3) is contained in A. This 
proves (fT5]) . 



and 



Hence 
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We are now going to describe the unstable manifolds using the symbolic 
representation. Let 



Consider a sequence a G Sjs and the corresponding point p = 7r(a, /3, A). In 
the symbolic space, Tp^x acts as the left-shift, so the local unstable manifold 
of p corresponds to the set of sequences b such that = bk for k <0. 

For A < 1/2, TT is injective on Sjj so the local unstable manifold of p is 
unique. If A > 1/2, then vr need not be injective on Sjj, so the local unstable 
manifold of p need not be unique. Indeed, when vr is not injective there are 
a ^ b such that p = vr(a, /?, A) = 7r(fo, /3, A), giving rise to different unstable 
manifolds. 

Because of the description ([3]) we have that 7r(6, /3, A) is in the unstable 
manifold of vr(a, (3, A) if b2, . . .) < (ai, a2, ■ ■ ■)■ Hence for the unstable 
manifold of vr(a, (3, A), there is a maximal c, with = for all k < 0, such 
that 7r(c, /3, A) is contained in the unstable manifold. For this c we have that 
the unstable manifold is the set 



i.e. a vertical line. So, if a is such that (ai,a2...) does not end with a 
sequence of zeros, then the unstable manifold has positive length. Since A 
is a union of unstable manifolds, we conclude that A is the union of line- 
segments of the form { (x, y) : x fixed, < y < c}. 

We will be using the symbolic representation of A given by (|15p . so we 
transfer the measure ^srb to a measure r/ on 5/3 by r/ = figRB o 7r(-, /3, A). We 
take a closer look at this measure rj before we start the proofs. Recall, from 
Section [21 the probability measure up on [0, 1] that is invariant under and 
equivalent to Lebesgue measure. We get a shift-invariant measure on S*^ by 
taking /i/? o and it can be extended in the natural way to a shift-invariant 
measure r/^ on . 

Since /Xsre and fij3 are the unique SRB-measures for Tjs^x and //3 respec- 
tively, we conclude that /i/3 is the projection of //srb to the second coordinate. 
Thus 7] and r/^ coincide on sets of the form { a : = 6^, /c = 1, . . . , n }. By 
invariance rj and 77^3 will coincide. Since 77^3 does not depend on A by con- 
struction, T] does not depend on A. We now get the following estimates using 
the relation between -q and fip. 



where < 00 is a constant. It follows from (jl7p that for r] almost all 
a £ Sfs, the sequence (01,02,...) does not end with a sequence of zeros. 
As already noted, this means that the unstable manifold is a vertical line 
segment of positive length. Hence for rj almost all a the corresponding 
unstable manifold is of positive length. We will use this fact in the proofs 
that follow. 



(16) 



7r(a,/3,A) = (7ri(a, A), 7r2(a, /3)). 



{{x,y) :x = 7ri(a, A), y < 7r2(c, /3) } 



(17) 




— n 
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Proof of Theorem [H Let /3 > 1 and pick any fi' > j3 such that /?' G S. 
For T] almost every sequence a, the local unstable manifold of 7r(a, A) 
corresponding to a, contains a vertical line segment of positive length. Note 
that this length does not depend on A. Let oj^ be the set of sequences 
a, such that the corresponding local unstable manifold of 7r(a,/3,A) has a 
length of at least (5 > 0. Take 5 > so that ujs has positive //-measure. Then 
the set VLs = Tr{ujs,(3,X) has the same positive /isRs-measure. Consider the 
restriction of fi^RB to and project this measure to [0, 1) x {0}. Let ^|^g 
denote this projection. 

Take an interval I = (c, d) with < c < d < 1//?'. Let t be a number in 
(0, 1). We estimate the quantity 

If this integral converges, then for Lebesgue almost every A G /, the di- 
mension of /igjjg is at least t, and so the dimension of ^srb is at least 1 + t. 
Writing J{t) as an integral over the symbolic space we have that 

J{t)= [ [ [ I . ■/ dr?(a)d77(b)dA. 
JiJujs Jivs -vri(5,A)|* 

Since rj does not depend on A we can change order of integration and write 

J{t)= [ [ [ / dAdr?(a)d7?(b). 

Now, a,b £ Si3 C SjS', so for a and b with aj = bj for j = —k + 1, . . . , and 
U-k 7^ b-k, we have 

1^1 (a. A) - 7ri(6, A)|* = A'^ViI^^"'", A) - Ma^'^b, A)|* = X%{X)\\ 

where g is of the form Since / = [c,d] C [0, we can use the 

transversality from Lemma [1] to conclude that 

/-I Q\ f ^ —kt f „ 

^ ^ A|vri(a,A)-vri(fo,A)|* JiW)\^ - 

for some constant C. We can write Sjs x Sjs = AU B, where 



k=l [a_fe+i,...,ao] 
oo 

U U [l,a-fc+i,---,oo] X [0,a_fc+i,...,ao], 

k=l [a„fe+i,...,ao] 



and 



B= U {a} X {a}. 



a£Sg 
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Since 7/(a) = for all a £ Sp, we can replace tos x u^hy A in the estimates, 
so after using ([18]) we get 



oo „ « 

•^W^E E 2Cc-^M / dr/dry 

fc=l [a_fe+i,...,ao] J[0,a_fc+i,...,ao] i[l,a_fc+i,...,ao] 



oo „ 

< ^ 2CKc-^^P~'' / dr/ 

fc=lfa_fc+i aol ^[l,a_fe+i,...,ao] 



-fc+i,---,ao 
oo 



k=G 



by (fT7|) and the fact that is a probability measure. This series converges 
provided that t < 

We have now proved that for a.e. A in / = {c,d), the dimension of the 
SRB-measure is at least 1 + i^;yj- To get the result of the theorem, we let 
e > and write / = (0, 1//3') as a union of intervals /„ = (c„, dn) such that 
T^iik > T^ik ~ ^^"""^ dimension is at least 1 + g£ > 1 + - e 
for a.e. X £ I. Since e and /3' was arbitrary this proves the theorem. □ 

Proof of Theorem In [6j , Peres and Solomyak gave a simplified proof of 
Solomyak's result from [111, ^-bout the absolute continuity of the Bernoulli 
convolution X^^^i itA'^. The proof that follows uses the method from [6j and 
we refer to that paper for omitted details. 

Let 7 G 5, pick e according to Lemma [T] and let /? be such that G 
[1/7, 1/7 + e). Let //gj^g be the projection of figRs to [0, 1] x {0}. We form 

^(/xLB,x)=liminf^^I^i^^!M, 
r— s-o 2r 

where Br{x) = {x — r,x+r), and note that nl^^^ is absolutely continuous with 
respect to Lebesgue measure if D^{iil^^,x) < 00 for fi^^^ almost all x. Since 
we already have absolute continuity in the vertical direction, it would then 
follow that /XgRB is absolutely continuous with respect to the two-dimensional 
Lebesgue measure. If 

5' = / / D{^lnB^x)dfil^^{x)dX < 00, 
J I J[o,i] 

for an interval /, then /i|j^g is absolutely continuous for almost all X G I. So 
if we prove that S is bounded for / = [c, I/7 + e] , where c > 1//3 is arbitrary, 
then we are done. 

Let / = [c, 1/7 + e] for some fixed c > By Fatou's Lemma we get 

5<liminf(2r)-i / / fil^^iBrix)) dfil^^ix)dX 

= liminf(2r)-^ [ [ r?(5^,(a. A)) dr?(a)dA. 
where Br{a, A) = { 6 : |7ri(a. A) — 7ri(5, A)| < r }. We have 

ri{Br{a,X)) = X{b&S-,: |7ri(a,A)-7ri{6,A)|<r}(a) dr/(b). 
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where x is the characteristic function. Since rj is independent of A, we can 
change the order of integration and we get 

S < lini|nf(2r)-i / / /iLeb{A € /: |7ri(a, A) - 7ri(&,A)| < r} dr?(a)d7?(6), 

where fiLeb is the one-dimensional Lebesgue measure. Now, a,b £ S^, so for 
a and b with aj = bj for j = —k -|- 1, . . . , and a-k 7^ ^-fc, we have 

Ki(a,A) -7ri(&,A)| = AVi(^~VA) - 7Ti{a-% X)\ = X''\g{X)\, 

where g is of the form (jj]). Since / = [c, 1/j+e] we can use the transversahty 
from Lemma [Hand we get 

MLcb{A G /: |7ri(a,A) -7ri(6,A)| < r} < /iLcb{A € / : \g{X)\ < rc~''} 

for some constant K < oo. As in the proof of Theorem [21 we can disregard 
the set 

B= U {a} X {a}. 

and after using (fT7|l we get 



oo „ « 

5 < liminf(2r)^^^ ^ 2Krc-'' / 

"■^O fe=l [a_fc+i,...,ao] ^[0,a_fc+i,...,ao] V[l,a_fe+i, 

oo „ 

fc=lfa_i,j.i anl ^[l,a_;,+i,..,ao] 



drjdr] 

■,a.o] 



[a_fc+i,...,aoJ 
oo 



<^i^^(c/3)- 



-k 

which converges since cf3 > 1. Since c > was arbitrary, we are done. □ 
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